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We consider depth first search (DFS for short) trees in a class of random digraphs: a m-out

model. Let «; be the ith vertex encountered by DFS and L(i,m,n) be the height of x; in the
corresponding DFS tree. We show that if ¢/n— a as n — oo, then there exists a constant a{a,m),
to be defined later, such that L(#,m,n)/n converges in probability to a(a,m) as n — oco. We also
obtain results concerning the number of vertices and the number of leaves in a DFS tree.

1. Introduction and Main Results

DFS algorithms are very useful in graph theory because they are efficient [10].
This paper is inspired by the papers [1,4] where algorithms and methods similar
to depth first search were used to find long paths in random graphs. Here, we
consider DFS trees in the context of a random m-out digraph model which is
defined as follows. We say that a digraph is m-out if every vertex in the digraph
has exactly m out-going edges (including loops and multiple edges if any) which
are numbered from 1 to m. The random digraph D(m,n) is obtained by randomly
picking a digraph, with equal probability, from the set of all m-out digraphs with n
vertices v1,v2,...,Un. In fact, it is easily shown that D(m,n) can be obtained from
the following constructive method. We assume that each vertex v in D(m,n) has
m different coupons. Each coupon entitles v to pick a vertex from {vy,v9,...,vn}
randomly and independently of others with equal probability 1/n. If w is the vertex
picked using the it® coupon, then we say that D(m,n) contains an edge directed
from vertex v to w with label i.

We apply the following DFS algorithm to D(m,n). Note that unlike usual
notation for directed edges, we use (i,v) to denote the edge with label ¢ directed
from vertex v. We also use ¢(i,v) to denote the vertex that edge (¢,v) is incident
to.
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algorithm DFS (see [5])
Procedure DF (v)

Begin
DFI (v):=1
t:=1+1
for j:=1 to m do
if DFT(p(4,v))=0 then
begin
F:=FU{edge (j,v)}
DF (¢(j,v))
en
end {DF }

Begin {MainProgram}

DFI(v):=0 for all vertices v in the graph

F:= empty set ()

t:=1

for k:=1tondo -

if DFI (vg) =0 then DF (vg)

output F which contains the edges of the forest of DFS trees

end {MainProgram}

The DFS algorithm uses a depth first index DFI(v), where DFI{v) = k iff
v is the kB vertex picked by the DFS algorithm. We use 7 to denote the kth
vertex picked (ie. DFI(r) = k) and so DFS in fact gives us a sequence II =
{®1,72,...,n}, where 1 =v1. Let S =V \{m1,72,...,mx}. Note that DFS picks
Tg+1 from S by examining edges in {(i,7;):i=1,...,m, j=1,...,k} that have
not been examined before. Thus each edge inspection is independent of previous
edge inspections. At each edge inspection, the edge (i,7;) is inspected if j is the
maximum and ¢ is the minimum among all other edges available for inspection.
In examining (i,7;), if @(4,7;) € S (in which case the examination is said to be
successful) then 7511 =(4,7;), otherwise DFS examines another edge. If at any
stage when the edges from a vertex m; (j <k) have all been examined and yet 711
has not been picked, then DFS backtracks to the parent of 7; in the DFS tree. In
the case where all edges emanating from 7y, ...,7¢ have all been examined without
having picked 7, 1, then the algorithm “restarts” by simply picking a new vertex
v; where [ is the minimum so that v; has not been picked before. The spanning
subgraph of D(m,n) containing only those edges in F' obtained using algorithm
DFS is therefore a forest.

When m=1, we have a random mapping and the probability of having a DFS
tree with k41 vertices (and with a given root) is bounded above by

(1-1/n)(1 —2/n)...(1 —k/n) < e~**/2n,

which goes to 0 as n— oo if k> nl/2t¢ ¢ > 0. Since we are interested in order
n properties, we shall focus our attention on m >2. The following results will be
shown in subsequent sections.
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Theorem 1. Let N(m,n) be the number of vertices in the DFS tree with root
v1=mn1. Then for any £>0,

P(In " IN(m,n) = 1+y(m)| >e)=0(n"™) as n— oo,
where y(m) is the smallest root of the equation: y=exp{m(y—1)}.

Theorem 2. Let Ny (m,n) be the number of leaves in the DFS tree with root 7.
Then for any >0,

P(n"INg(m,n) — (1 =)™t /(m+1)|>e=0(n"1) as n— o,
where y=y(m) is the smallest root of y=e™=1),
Standard analysis (e. g. Lagrange expansion formula in [6]) shows that
1 ifo0<m<i1
ym) =y m-1 k§1 EFl(me™™k /Bl < 1 if m > 1.

For any given ¢=1,2,...,n, let I=1I; ={my,72,...,m;} be the sequence of vertices
encountered by DFS until vertex m; is picked. In II, there are vertices past which
DFS has backtracked. We use black to colour those vertices. Let L'(i,m,n) be the
number of non-black vertices in II. Then we have the following two theorems on
L'(i,m,n).

Theorem 3. Suppose that i/n— A asn—oo. If A€(0,1—1/m), then for any € >0,
P(jn~ L' (i,m,n) = b(A,m)| > &) = O(n™™) as n— oo,

where
¢

b(¢m) = [ (1= a(8,m)dp,
0
and x(f,m) is the smallest positive root of x =(3+z—xz3)™. Note that for 3 in
(07 1- l/m)7
mk +m
k

_ moo__l__ m—1,1 _ k
=3 (M- e

Theorem 4. Suppose that i/n— A as n—oo. If A€ (1—1/m,1—y(m)), then for
any € >0,

P(In= L' (i,m,n) —a(A,m)] > ) =0(n™™) as n — oo,

where a(A,m) = b(1 — (1 — A\)y,m) and 7 is the largest root of the equation
fy:em(l“)‘)(’Y-l)_

Define L(i,m,n) as the height of x; in the DFS tree with root 7. If 7; is in
the DFS tree with root 71, then L(i,m,n)=L'(i,m,n)—1. Using this observation
and the facts that b(c,m) is continuous in o and b(0,m) =0, the following result
follows immediately from Theorems 1, 3-and 4.
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Theorem 5. Let L(i,m,n) be the height of w; in the DFS tree with root 71. Suppose
that i/n— X as n—oco. If A€[0,1 —y(m)), then

P(ln " L(i,m,n) —a(\,m)| > &) =0(n™™) as n— oo,

where
b(A, m) ifAe0,1-1/m)j
b1~ (L=XNy,m) ifAe(l-1/m,1-y(m))

and 1 is the largest root of y=¢™1=N0=1),

a(A,m) = {

Also, (1 — M)y increases as A increases from 1—1/m (see Lemina 7 in Section
5). Therefore a(A,m) is at maximum when A=1-1/m. We can draw the following
conclusion from Theorems 1, 3 and 4.

Theorem 6. Let H(m,n) be the height of the DFS tree with root 71, then for any
€>0,

P(n"YH(m,n) —b(1 —1/m,m)| > &) = O(n™™) as n — oo.

Also, if m, is the vertex at which the DFS tree with root 71 attains its maximum
height, then for any € >0,

P(lr-n(1—-1/m)| >en)=0{n"™) as n — .

The random digraph D{m,n) studied in this paper is different from, but very
similar to, the usual m-out digraphs appeared, for example, in [3]. The reason for
choosing D(m,n) here is to minimize unnecessary notation. Note that Theorems 5
and 6 imply that if DFS is used to find a directed path in D(m,n), then the length
of the longest path found is about nb(1—1/m,m). The methods in this paper can be
applied to investigate the DFS trees in other random graph models. In particular
in [7], DFS is applied to the well known G, () model (see for example Bollobas (2]
and a result on long paths similar to those in [1,4] is obtained. For related results
and references on long paths and long cycles in sparse random graphs, please refer
to [2]. DFS can also be used to study the largest strongly connected subgraph in
D(m,n) (see [8]) as well as long induced paths and large induced trees in G, ()
(see[9]). The reader is referred to [5] for references and results related to DFS on
graphs.

Theorems 1, 2, 3, and 4 are shown respectively in Sections 2, 3, 4 and 5.
Theorems 5 and 6 follow immediately from Theorems 1, 3 and 4.

2. Proof of Theorem 1

Note that after the first DFS tree is found, DFS “restarts” by simply picking
a new vertex. This creates some complication because DFS normally picks a new
vertex by examining edges. In order to avoid this complications, we add out-going
edges (j,v1), 7 >m+1 to the vertex m =wv; where each ¢(j,v1) is independently
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chosen from {vi,...,vn} with equal probability. We call this new random graph
model D'(m,n). After m; is obtained, let Z; ,, be the number of additional edge
inspections used before ;1 is picked in D’(m,n). Then as each edge inspection
is independent of previous edge inspections, the quantity Z;, is geometrically
distributed with distribution given by

P(Zin =34) =1 —i/n)i/n)~t, j=1.2,. ...

and {Z; ,:1=1,2,...,n—1} is a set of mutually independent random variables. Let
Urn(k) be the number of edges inspected when vertex 7y is picked. Then

Un(k) =Y Zin.

Note that 7y is in the DFS tree with root w1 in D(m,n) if and only if none of
the edges in {(4,71):i>m+1} have been inspected while picking 7o, 73,..., Tg+1-
That is, N(m,n)>k if and only if U, (1) <m, Uy(2)<2m,..., U, (k) <km. Hence
for k>1,

(1) P(N(m,n) > k) = P(Un(1) <m, Un(2)<2m, ..., Un(k) < km).

We shall use equation (1) and the following estimates of Uy (k) to show Theorem 1.

Note that throughout the rest of this paper, we shall use ¢ to denote a generic
positive constant, g to denote a number in (0,1) and 7 to denote a positive number.
The numbers p and 1 may depend on some other constants but not on 7.

Lemma 1. Let € >0 and § € (0,1) be positive constants. Suppose that k = k(n)
satisfies k/n — a € (0,6). Then there exists ¢ = ¢(¢,8) in (0,1) such that for all
sufficiently large n, we have

P([Un(k) + nlog(1 - k/n)| = en) < ™

Proof. For t< —log(k/n)=—loga+o(1),

Elexp(tUn(k) + ntlog(1 — k/n))]
k

= [0 = )1 = ftjm) e 8047 = fexp( (1)

where fr(t)= ’“t+ Zlog —l/n——Zlog (1—€tl/n) +tlog(1—k/n).

k
Since 71—; > log(1—1/n) is bounded below and above by

—1—(1—k—+—1)log(1—k—ﬂ> and —1—(1—E>log<1—ﬁ),
n n n n

o~
Il
—
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k
and "1;121 log(1—etl/n) is bounded below and above by

—1-¢t (1—etk+1>log<1—etk+1) and
n n

—1—¢€t (1 — etﬁ> log (1 - eté> ,
n n
we have that

flayt) = nl—i->moo fn(t)
=at — (1 —a)log(l —a) + e (1 — ela) log(l — eta) + tlog(l — ).

Note that since Qié‘;—’tl >0 for all £#0, we have that
flant) < 6t~ (1—68)log(1 —6) + e * (L — e *6) log(1 ~ €'6) + tlog(1 — 6) = f(6,1).
Now by Markov’s inequality, we have for any £ >0,
P(Upn(E) + nlog(1 — k/n) > en) = P(exp(tUn(k) + ntlog(l — k/n)) > ™)
< e ™ Elexp(tUn (k) + ntlog(l — k/n))]
< exp(—ent + nfp(t))
< (exp(—et + f(6,t) +o(1)))",
and similarly
PUn (k) +nlog(l — k/n) < —en) = P(—U,(k) — nlog(l — k/n) > en)
< exp(—ent + nfp(—t))
= (exp(—et + f(6,—t) + o(1)))"™.

Since f(6,t) = O(t?) as t — 0, the quantity f(6,t) —¢lt| is strictly negative for all
non-zero t sufficiently close to 0. Choosing a suitable ¢ gives that there exists o=
o(e,6) in (0,1) such that for all large n,

P([Un(k) +nlog(1 — k/n)| > en) < o™ X

Before we show Theorem 1, we observe that by plotting f(y) =y and f(y) =
em(y_l), if y is the smallest root of y:em(y_l), then for small € >0,

2) y—e<e™ ™D or m(l-y+e)+logly—e) =m(e) <0, and
(3) y+e> el or m(l—y—e)+log(y+e) =male) > 0.
We shall now show Theorem 1. If k=[n—ny(m)+en]—1, then

P(N(m,n) > n —ny(m) +en) = P(N(m,n) > k)
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which, from (1), is bounded above by
P(Uyn(k) < km) = P(Un(k) + nlog(l — k/n) < km + nlog(l — k/n))
< P(Un(k) + nlog(1 —k/n) <mn(l —y+¢)+nlog(y —e) + O(1)).
Hence from (2) and Lemma 1, for large n,
(4) P(N(m,n) > n—ny(m) + en)
< P(Un(k) + nlog(1 - k/n) < —nn(z) + O(1)) < o™,
We shall next show that for any >0,
(5) P(N(m,n) <n-—ny(m)—en)=0(n""™) as n — oco.
Let [=[n/40]. Note that 1/40<1—y(m) for all m>2. Then
P(N(m,n) <1) < P(there is a set W of vertices not including v, such that
0 < |W| <! and every edge directed from {v; }UW leads to a vertex in {v1}UW)

-1
n—1
5 ) (TSNS S

It is easy to check that for j=1to [ -2, a;41/a; < (1/40)m lem+1 which is less
than 1 because m>2. Hence as n— 00,
(6) P(N(m,n) <1) < ap+na; = O(n~™) + O(n?~2™) = O(n™™).
Let k=[n—ny(m)—en]|. If k<[, then (5) follows immediately from (6). Therefore
assume k>[. Then using (1), as n— o0,
P(N(m,n) <n—ny(m) —en)
k
= P(N(m,n) <)+ > P(N(m,n) =)
j=l+1
k
<O(Mm™™)+ > P(Un(j) > jm)
J=l+1
k
=0(n ™)+ Y P(Un(j) +nlog(1 - j/n) > jm +nlog(1— j/n)).
Jj=i+1

Let g(t) =mt+log(1—t). Since g(t) is a concave function and since j satisfies 1/40 <
j/mn<1l—y—e, we have from (3) that

9(j/n) = n(e) = min(g(1/40),9(1 =y —€)) > 0.
Hence by Lemma 1, for large n,
P(Uyn(j) + nlog(l — j/n) > jm + nlog(l — j/n))
< P(Un(j) +nlog(1 — j/n) > nn(e)) < o",
It therefore follows that
P(N(m,n)>n—y(mn—en) <On™™)+ne" =0(n""™) as n— oo.
Our proof of Theorem 1 is therefore complete. 1
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3. Proof of Theorem 2

With digraph D’(m,n) and variable Z; n defined as in Section 2, let
sz{l ifZ;n>m
0 otherwise.

Now 75 is a leaf in DFS tree with root 7y in D(m,n) if and only if W; =1 and =;
is in the DFS tree. Thus

N(im,n)

(7 Np(m,m)= > W;.
i=1

We require the following lemma.

Lemma 2. Suppose that k is such that k/n—a€(0,1) as n—oc. Then for any >
0, there is g in (0,1) such that for all large n,
> en) < o™

P (
Proof. Our proof here is similar to that of Lemma 1. Note that for sufficiently
small £ >0,

Elexp(tW;)] = e!(j/n)™ + 1 — (j/n)™ < 1+ (¢t +2)(j/n)™
< exp((t +t%)(j/n)™),

k

> W = n(k/n)™/(m+1)

=1

and
Elexp(~tWj)] = e7*(j/n)™ + 1 - (j/n)™ < 1= (t = t*)(j/n)™

< exp(—(t — £2)(5/n)™).
Thus for sufficiently small ¢ >0,

k k
E jexp (tz Wj)} < exp ((t+t2 Z J/n)m)
j=1 i=1 :

= exp((t + t*)n(k/n)™ " /(m + 1) + o(n))
= {exp((t + t*)(k/n)™ /(m + 1) + 0(1))}",

and similarly for ¢t >0,

k
E |exp (—tZWj)} <exp< (t—t2)2 (j/n) )
j=1
xp(—(

(t —t2) k/n M /(m 4 1) + o(1))}".
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Therefore, for suitable t>0 and for large enough n,

k
P> W;—n(k/n)"t/(m+1) > en
j=1
k
<E|exp|t Z W; | | exp(—tn(k/n)™1/(m + 1)) exp(—ent)
j=1

= {exp(—et + 2(k/n)™ 1 /(m + 1) + o(1))}" < 0",

and

k

P YWy = nlk/n)™1/(m +1) < —en
J=1
k
< E lexp | —t Z W; | | exp(tn(k/n)™ 1 /(m + 1)) exp(—ent)
j=1

g = {exp(—et + t*(k/n)" ! /(m+ 1) + o(1))}" < o™
Lemma 2 now follows. |

Since, from Theorem 1, for any £>0,
P(IN(m,n)— (1=y)n| >2en)=0(n"") as n— oo,

Theorem 2 now follows very easily from Lemma 2 and (7).

4. Proof of Theorem 3

Assume i/n— A in (0,1 —1/m) as given in Theorem 3. Consider the sequence
I={ny,ma,...,m;} of vertices picked by DFS . Recall from Section 1 that we colour
the vertices in II so that 7; is black if and only if 7; is a vertex past which DFS
has backtracked. The sequence II is now separated into runs of black vertices. If
TjsTj+1,---, Tk is a Tun of black vertices (with 7;_1 and 741 non-black), we say
that m; (resp. 7y) is the left end (resp. right end) of the run of black vertices.
Note that L'(i,m,n) = i—number of black vertices. For s < t, let II(s,t) denote
the subsequence {ms,...,7m¢} of II and let B(s,t) be the number of black vertices in
II(s,t). We shall obtain the following estimates of B(s,t), proof of which will be
given later, and use these estimates to show Theorem 3.

Lemma 3. Suppose that an<s<t<fn and (t—s)/n—c as n—oo. Then for any
€1>0, there is g1 €(0,1) such that for all large n,

P(cnz(a,m) —e1n < B(s,t) < enz(B,m) +e1n) > 1 — of.
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Proof of Theorem 3. Note that Lemma 3 suggests that B(|6n], [ (8+AB)n])/AfB=
A

z(8,m)n when AS is small. Thus, intuitively, L'(¢,m,n) is about n [(1-z(8,m))dg.
0

We shall make this idea rigorous as follows. Let £ be a large positive integer to be
defined later. For [=1,2,...,¢, let

= A/¢ with a9 =0,
tl = |_aan with t() = 0,

IT; = {tl—l +1,... ’tl}v
B; = number of black vertices in 1II;.

Note that if B is the number of black vertices in II, then
B2++BE §B§31+Bg++B£+o(n)

From Lemma 3, we have that for any €1 >0, there is a g(I) in (0,1) so that for large
n7

r (%nx(al_l,m) —emn< B < %nm(al,m) + 61,n) >1- (D)™

Hence for any £1 >0, we may choose ¢ in (0,1) and g depends on & such that for
large n,

A A
P (for I=1,...,¢& Enm(al,l,m) —em< B < Enx(al,m) —+ 51n> >1-0",

which implies that

£ 3
Z —nz(og, m) — e1né < Z Z?— z{ap,m)+enl | >1-g".
=1 =1

For any €9 and ¢3, since xz{a,m) is increasing with « (for o < 1—1/m), we can
choose ¢ large enough so that

-1 A €y
Z—x(al,m)+€2 > /:E Z— (o, m —83.
2% / 2%

Hence we have for any £1 and for any 2,63 >0, we can choose £ large enough so
that there is ¢ in (0,1),

A A

P n/x(ﬁ,m)dﬂ —(e1f+e)n<B< n/m(ﬂ,m)dﬂ + (1§ +ez)n | >1—o"
0

0

for all large n. Since 7= An+0(n), Theorem 3 now follows from the above (since
€1, €9, £g are all arbitrary). |
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It therefore remains to show Lemma 3. Let us first make the following obser-
vation. For edge e in {(j,v):5=1,2,...,m,v=m1,72,...,7; }, let

X, — { 1 if e has been succesfully inspected

0 otherwise.

Note that conditional on the event that edge e is examined when picking vertex =,
we have P(X,=0)=(j—1)/n. Let L; be the set {(l,7;):1=1,2,...,m}. Define

Suppose that 7,y is uncoloured. Then my is coloured if and only if ¥; = 0.
Also, if 7, is the right end of a run of black vertices in II (that is, ¥ =0 and

Tk+1 is uncoloured), then the event that the vertices mj1,7m;2,...,m¢_1 are black
corresponds to the event E that
(8) : Yk—l < 17Yk——1 +Yk—2 < 2,..,,Yk_1 +...,+}/J‘+1 <k—-j-1

We have (8) because if 7, is the right end of a run of black vertices, then the vertices
Mj41,Tj4+2,---,Tk—1 are black if and only if for each [ from j+1 to k—1, every edge
directed from 7,77 41,..., k-1 has been examined and at most (k—1-1)+1=k—!
of these edge inspections are successful. Suppose now that £<fn and j>an. Then
since a < P(Xe=0)<p, for all edge e directed from 7;41,...,7,—1, and since each
edge in D’(m,n) is directed independently of others, we have for j=1,2,...,m, and
for j <1<k that P, (Y;<j)<P(Y;<j)<Pg(¥;<j). Hence

9) Fo(E) < P(E) < P3(E),

where P, is the probability law corresponding to the probability space in which
Pr(Xe =0)=¢ and the random variables X’s are independent.

To find an upper bound for B(s,t) in Lemma 3, we perform the following
experiment. Suppose that [ <t is the largest integer such that m; is non-black. If
there is no such [, let [=s—1. That is, mj 1,71 9,...,m are black while 7; is not.
We use green to colour the vertices in II(s,t) according to the following rules:

(1) if I<t, colour the vertices m41,...,m¢ and do not colour my,
(ii) start colouring from m;_; to 7, as follows:
(a) if mgy1 is uncoloured, colour 7y if Yy = 0, otherwise do not colour my,
where Y= ) X and X,’s are sampled with the probability law Pg,
e€Ly
(b) if m, is coloured but #pi; is not, then we colour the vertices
Tj+1,Tj+2,---,Tk—1 but do not colour m; if

(10) Y1 <1, Yk_1~f—Yk_2S2,...,Yk_1+...+¥7’+1Sk—j—l
and Yy 1 +...+Y;>2k~741,
(iii) the colouring process is stopped once 7, is reached.
Let G(s,t) be the number of green vertices in II(s,t). Since by (9), the length

of a run of green vertices in II(s,t) is greater in distribution than that of black
vertices, G(s,t) is greater than B(s,t) in distribution, that is, for any [ >0,

(11) Pg(G(s,t) 2 1) < P(B(s,t) 2 ).
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Similarly for a lower bound of B(s,t), we can repeat the experiment using the red
colour and probability law P, instead of Pg. Let R(s,t) be the number of red
vertices in II(s,t). Then we have for any [ >0,

(12) Pa(R(s,t) <) < P(B(s,.t) <.

We require the following result which together with (11) and (12), gives Lemma
3 immediately.

Lemma 4. Suppose that an<s<t<g3n and (t—s)/n-—c¢ as n—oo. Then for any
£1>0, there is p€(0,1) such that for all large n,

(13) Pg(G(s,t) > enz(B,m) + e1n) < 0",

(14) Py (R(s,t) < cnz(a,m) —e1n) < ™.

In order to show Lemma 4 and (13) in particular, we consider the following.
Let Z7 4 denote the length of the run of uncoloured vertices with 7 as its right
end. Then for j=1,2,...

Pg(Z1,4 = j) = Pg(mg—; is green and mg_j41,...,T—1 are uncoloured)
=Pg(V}j=0,Ypji121,..., Y1 21)
= (L—-pgmyigm.

Suppose that m_ ;1 is uncoloured but m;_; is green, that is, m;_; is the right end
of a run of green vertices. Let Z3 4 denote the length of this run of green vertices.
From (10) we have that for [>1, Pg(Z2 4=I) is equal to the probability that

Y{<1l, Y{+Yy<2,..., Y{+...4Y <l-1 and Y{+...+Y/ >1+1,

where Y{,Y5,...,Y/ are independent and each is the sum of m independent Bernoulli
variables X, and Pg(Xe = 0) = 8. Define Z3, = Z; 4+ Z25. Then given
that 7 is uncoloured, {Z3 4 = v} corresponds to the event that the subsequence
Tk—p+1s- -1 Tk—1 of II(s,t) contains exactly one run of green vertices with w4
being the left end of the run of green vertices. (Note that mp_, is uncoloured)
Similarly, we have Z1 ,, 29, and Z3,r for red vertices. For k=1,2,3, define py , =
Eo|Zy ) and tk,g = EglZy ], where E; is the expectation operator in the proba—
bility space with law Fe. V(gle shall use the following result, to be proved later, to
obtain estimates for R(s t) and G(s, t)

Lemma 5. There exist positive constants o1 and o9 such that

Eglexp(0Z1,9)] = 8™ /(1 —f(1 - p™)]  for 6< oy

z1(e?)(ef — 1)
e (1 — z1(ef))

Eglexp(8Z2,9)] =1+ 87™ for 8 < og,
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where xl(g)) is the smallest positive root of (z+—~z8)™ =x/y. Also,
1,9 :ﬁ—m’ H2.q =ﬂ-mm(ﬂ,m)/(1—$(ﬁ,m)),
p3g =B/ (1 - z(B,m)).

If we replace 3 with a in the above, we obtain corresponding estimates for red
vertices.

Corollary 6. For any >0, there is p€ (O,f) such that for all large n,

P(there is a run of black vertices in II with length at least en) < o".

Proof of Corollary 6. Let 3 be such that A<8<1-1/m. Then by choosing suitable

6>0, there is g1 in (0,1) so that
(15) Pg(Z2,9 > en) < Eglexp(023,g)] exp(—end) < o7
for all large n. Since §>i/n for large n, it follows from (9) that,
P(there is a run of black vertices in II with length at least en)
< Pg(there is a run of green vertices in IT with length at leasten)

= Z Pg(there is a run of green vertices in I with length at least en
i>k>en

and with 7y, as its right end)

i>k>en
which, from (15), is bounded above by nel < ™. i

Proof of Lemma 4. We shall show (13). Let 7 be the number of runs of green
vertices in II(s,t) excluding the runs (if any) containing 74 or ;. Then

Py(r > v) < P (Z Z) <t - s)

k=1

where the variables Zékg) are independent with the same distribution as Z3 4 defined

before Lemma 5. For € > 0, let v = [en+cn/uz 4] so that as n — oo,vuz 4 >
t—s+n(e)v+o(n) where () >0. Hence

(16) Pg(r 2v) < Pg (Z Z§f“g) <wvug,g —n(e)v + o(n)) :
k=1

Since from Lemma 5, Eglexp(Z3 4)| is defined for ¢ in an open interval containing
the origin, we have as 60,

Eplexp(~673,9)] = 1 — Oz, + O(6%) < exp(—bpz 4 + O(6%))
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and so from (16) for positive § sufficiently close to 0,
(17) Pg(r > v) < {Eglexp(~0Z23,g)] exp(8uz,q — On(e) + o(1))}”
< {exp(-n(e)8 + O(6%) + o(1)}" < of < 0§

where g9 is in (0,1) and n is large. Suppose that 0 < 2e9 <e1 where g1 is given in
Lemma 4. Now from Corollary 6, there is p3€(0,1) so that

,
G(s,t) < Z Z3,g + 2e2n
k=1

with probability at least 1— % for large n. If v=|egn+cn/p3 4] where €3 is such
that n=¢1 —2e9 —e3p2 4 >0, then since ug 4/p3,4=2(8,m),

vig,g = €3p2,9n + cnz(B8,m) + O(1).
Using (17) in which we put ¢ =¢3, we have for all large n,

Pg(G(s,t) > cnz(8,m) + e1n)

.
< Pg (Z Za4 > cnz(B,m) + e1n — 2e2n> + 0%
k=1

v
< Pﬂ (Z 2279 > cnx(B,m) +en — 262”) + Qg’ + Qg
k=1

14
< Pg (Z Zag > vigg +nn+ 0(1)) + 0% + 05
k=1

Using methods similar to those used in showing (17) from (16), we have

v
Pg (Z Zag > vt g +1n + O(l)) < gy, where p4€(0,1).
k=1

We now have (13) because

Pg(G(s,t) > cnz(B,m) + e1n) < o5 + 0§ + 0§ < 05, for large n.
Our proof of inequality (14) is omitted as it is very similar to that of (13). |
Proof of Lemma 5. Note that for § < —log(1—8")=0;1 >0,

Eglexp(821,9)] = [J (1 = 8™y~ g™e® = P 5™ /(1 - P (1 - B™).
j=1

Finding Eglexp(6Zz )] is not as easy. For [=1,2,... and £=0,1,2,..., let P
stand for the probability that

Y{ <k, Y{+Y3<k+l,..., Y{+..4Y | <k+l-2 and Y{+...+Y] > k+l
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We shall use generating functions to find
G(e?) = Eglexp(822,9)] = Ze Py
Note that we shall adopt the convention that (Jl) =0 for [<j. Now

Pp=patiz iy = 3 (T)a-ppsn,

j=k+1

k k
) m . s
P = E :Pﬁ(yll = .7)Pl—1,k:+1_j = E (] ) (1- ,B)Jﬂm JPl—l,k+1——j7 for [ > 2.

=0 i=
Hence
o0 00 co oo k
IPILIVELED 9D ) B (4 (U S
1=2 k=0 1=2 k=07=0 7
S (M)
1=2j=0k=j J
B ( )= 8P Py et
=2 3=0k=0
=4(B+z- B Y Pt
I=1k=1
Let F(z,y)= ;3 i% Pl’kyla:k, and H(z)= § Pl,k:vk. Then
I=1k=0 E=0
(18)  F(z,y)—yH(z )=—(ﬁ+x—wﬁ ( Zony> and
(19) H(z)=[1~(B+z—z6)™]/(1 - ).

Since Py €[0,1], F(z,y) converges for |z| and |y| in (0,1). Now if z=x(y) is a root
of the equation

(20) (Bio—ob)™ =)y,
then from (18) and (19),

Pyoy = yH(z) = (y — 2(y))/(1 — z(y)).

8

=1
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Let z1(y) be the smallest positive root of equation (20). Note that
1 mk
_\v1! ki avk—1 gmk—k+1
500 =3} () )k pymtgmioke,

and that z1 is the only root of (20} such that z;1(y) —0 as y—0, giving

oo
lim > Proy' = lim (y = 1(4))/(1 = 21(y)) = 0.
=1

Therefore, we have

Y Pyt = (y— w1()/(1 - 21(v))-

=1
Since P g=F™P,_1 for I>2 and since P; g=PFPp(Y1>1)=1-p™.

n—m X

S Py = S p o gmpy g = 14 g B 1)
G(y) g 1,1y ” lz:l L0y — B 10=1+4+7 v —210))

Since (1) # 1, we have Z}Lnllxl(y)(y = 1)/[y(1 - z1(y))] = 0, and so G(1) =1,

implying that the variable Z3 4 is non-defective. Also, z1(y) is defined for y < (p
where (j is the unique number such that the line z=2x/(y is tangent to the curve
z=(z+p—zB)™. We find that

[(m — 1)/ (mp)]™*

1= pB)m > 1.

Go =

Hence Eglexp(0Z3,4)] =G(e?) is defined for 6 <oy where o2 =log(y>0. Note that
p1,g=05""™ is obvious and pg ¢=G’(1). Now

Gy) =148 (L;-ﬂ -y - yw1(y)))

and so £ G(y)=F"(~y 2 +1/(y—y21(y)) ~ (1-9) 4 (y—y21(y)) 7", giving that
G'(1)=B"™+8"™/(1~21(1)). Since z1(1)=z(8,m), we have

pa,g = BMx(B,m)/(1—x(B,m)), w3g=pig+p2g=0""/1-z(8,m).

The other half of the lemma is proved similarly. ]
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5. Proof of Theorem 4

We shall use the model d’(m,n) defined in Section 2 to show Theorem 4. Note
that for vertex =; in the DFS tree with root 7y in D(m,n), L'(i,m,n) in D(m,n)
is equal to L'(i,m,n) in D'(m,n). Consider the situation after «; has just been
picked. Let j” be the largest integer less than (1—1/m)n so that m;» is non-black.

Let ¢ be the smallest integer not less than (1 —1/m)n so that ;s is non-black.

Then since the vertices mjny1,...,m_1 are all black, we have that
(21) L'(i,m,n) < L'(§",m,n) + (i — " + 1)
(22) L'(i,m,n) 2 L'(j",m, n).

Let v=+(({) be the l;argest root of z=exp(¢(z—1)). Let i be as given in the
hypothesis of the theorem, that is, i/n— A in (1—1/m,1—y(m)). Let 5/ be the
unigue integer such that

1= (' +1)/n < 1 =i/n)y(m(l - i/n)) £1-j'/n.

The following lemma contains some observations on j’ which will be useful
later.

Lemma 7. Suppose that €1, €2 and €3 are positive constants.
(i) Ifi=[j' —en], then for all large n,
(23) m(j’ —1)/n+log((1 ~j'/n)/(1 = U/n)) > 1 = n(e) > 0.
(i) If j satisfies 7 +e1n<j<i—eqn, then for all large n,
(29)  m(i—j)/n+log((L-i/n)/(1-j/n)) < —(=—((e1,€e2) < 0.
(iii) if k satisfies 7' +1<1, then

(25) m(k — j')/n +log((1 — k/n)/(1 ~ j'/n)) > 0.
Proof of Lemma 7. Suppose that + is the largest root of z = e§(?=1), Then by

plotting the functions f(z)=2z and f(z)=e$(#=1), we see that for ¢ <1,the gradient
of f(z)=e=1) is bigger than 1 when z=+, and so

(26) z> et for ze(1,7),
(27) z < etz for z € (v, 00),
(28) ' ge=Leten | S

dz z=
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Also, if ¥ =(~, then logy —log€ =1 — £, giving that

a1
29) & w1

and that 1 is a decreasing function in £. To show (23), note that

m(3’ = 1)/n+log((1 ~5'/n)/(1 = I/n))
=m(j'/n—1/n) —log(1+ (j'/n~1/n)/(1 ~ §'/n))
=2 m(j'/n—1/n) = (§'/n—1/n)/(1 - j'/n)
=(J'/n = 1/n)im - 1/(1 - §'/n)].
Since m(1—i/n)=m(1—A)40(1) and m(1-A) <1,
1=3'/n 2 (1=i/n)y(i/n) +o(1) = (1 = Ny(m(L = X)) +o(1).
Taking £ =m(1—- ), it follows from (28) that 1—3'/n>1/m, and (23) now follows.
To show (24), note that (1—5/n)/(1—i/n) € (14+c2,y(m(1—X))—c1) where ¢; and ¢y

are positive and c; depends on €3 and ca depends on e9. Hence from (26), taking
£€=m(1—)), there is ¢3>1 so that

<0

Inequality (24) now follows. To show (25), let {=m(1—~i/n) and £&a=(1-k/n) and
~1 and 72 be the largest roots of v =et(r=1) where £=£1 and & respectively. As
€1 < &g, (29) now gives

(1 =4 /n)/(1 — k/n) > me1/e2 > 72.

By virtue of (27), taking £ =¢&o,

(1~ 7' /n)/(1 - k/n) < exp{&2l(1 - 5'/n)/(1 — k/n)01]} = emb/n=d"/m),
Inequality (25) now follows. ]

The following lemma contains some useful estimates of j” and i”/. We shall use
these estimates and (21), (22) to prove Theorem 4 first; proof of the lemma will be
given later.

Lemma 8. For any >0, there is g in (0,1) such that for all large n,

(30) P(lj' - j"| <en) 21— "

(31) P(li—i"| <en) 21— g™
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Proof of Theorem 4. From (21), we have for any £ >0,

P(L'(i,m,n) > b(j' /n,m)n +en)
< P(L(G",m,n) + (i —i" + 1) > b(j' /n,m)n + en))
< P(L'(j",m,n) > b(3" /n,m)n + (b(5' /n,m) — b(5” /n,m)n + en — (i — i" + 1))
< P(L'(5",m,n) > b(j" /n,m)n + e1n)
+ P(b(s'/n,m) — b(j" /n,m) < —e2) + P(i — " +1 2 e3n),
where €1, €2, €3 are positive and satisfy £ =e2—e3. Now since from Lemma 8, 7" /n

converges in probability to the constant limp—c0j'/n which is less than 1 —1/m,
we have from Theorem 3 that for large n,

P(L' (5", m,n) > b(j" /n,m)n + e1n) < o7

Since for any e3 >0, [b(j” /n,m)~b(j'/n,m)| < eq implies that there is £4 >0 such
that |j’ — " <e4n. Hence from (30),

P(b(j'/n,m) = b(5" /n,m) < —€2) < db.

Thus, together with (31), there is p in (0,1) such that
(32) P(L'(i,m,n) > b(5' /n,m)n +en) < o™
From (22), for any £>0,

P(L’(Z, m, Tl) < b(J,/n’ m)n - 6")

< P(L'(5",m,n) < b(j' /n,m)n — en)

= P(L'(j",m,n) < b(3" /n,mn + (b(§' /n,m) — b(j" /n,m))n — &n)

< P(L'(j",m,n) < b(F" /n,m)n — e1n) + P((b(5' /n,m) — b(5" /n,m))n— > eon)

where €1 and €9 are positive and €1 =& —e3. But as in showing (32), each term
above is less than ¢% for large n. Hence, there is ¢ in (0,1) so that

(33) P(L'(i,m,n) < b(5'.m)n —en) < o".

Theorem 4 now follows from (32) and (33) because j'/n — 1(1 — A)y where v =
¥(m(1 = A)) is the largest root of v = exp((1 — A)(y — 1)) and b(j/,m) tends td
b(1—(1-A)y,m) as n—oo. 1

It therefore remains to show Lemma 8. For k> j, let U, ;(k) be the number
of edge inspections required by DFS to get to m; from m;. That is, Unj(k) =
Un(k) —Upn(j) where Uy (l) is defined in Section 2. Our proof of Lemma 8 requires
the next lemma which follows immediately from Lemma 1.

Lemma 9. Suppose that k> j and that k/n and j/n converge to constants which
are less than 6 and 6€(0,1). Then there is p in (0,1) such that for all large n,

P(|Uy, (k) +nlog(l — k/n) — nlog(l — j/n)| > en) < o™ ]
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Proof of Lemma 8. Let | =[j’ —en]. Consider picking vertices after pijs has been
picked. We know that there are m(j' —1) — Uy, ;(j') (if it si not negative) unused
edges directed from m;,..., 7. Thus j" >1if and only if not all of these edges have

been inspected while picking s 1,...,7;. Hence
P(G">j —en)=Pm(j' = 1) - Up (') 20 andfor k=j+1 to i,
Un,j’(k) < m(k - .7,) + m(]l - l) - Un,l(jl))
i
21~ Y PUpj(k) >m(k—j") +m(’ —1) = Uny(i")
k=341
~ P(m(j" = 1) = Upy(5") < 0).
From (23) there is 7 such that for large n,
m(j" = 1)/n+log((1 — j'/n)/(1 = 1/n)) > n(e) > 0.
Also for any ¢y in (0,n(¢)), we have from Lemma 9 that for large n,
P(Un1(5') +nlog((1 — 5'/n) /(L = I/n)) > e1n) < of.
Hence, with (25), Lemma 9 and the above,

34) P(" >4 —en)>1-of - Z P(Upji(k) > m(k — j') +n(n(e) — €1))
k=3"+1

>1-of - Z P(Unp (k) + nlog((1 — k/n)/(1 ~ j'/n)) > n(n(e) — €1))
k=j'+1
>1-of —noy >21-¢",
for large n. Also
PG >3 +en or ' <i—en)
< P(there is j so that j +en < j <i—en and Uy, ;(3) < m(i - j))
h

<Y P(Un;(i) < m(i—5))

j=l
where h=[1—¢en] and =5’ +en|. From Lemma 9 and (24), there is >0 so that
for 1 <j <h and for large n,

| P(Un(i) < m(i— 5)) = P(Un,j(6) + nlog((1 — i/n)/(1 = j/n) < —nm) < o},
which implies that
P(" >3 +en or i’ <i—en)<ng§ <o™
Inequalities (30) and- (31) follow from (34) and the above. [ ]
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