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We consider  dep th  first search (DFS for shor t )  t rees  in a class of  r a n d o m  digraphs:  a m - o u t  
model.  Let lr i be  t he  i TM ver tex  encoun te red  by DFS and  L( i ,m ,n )  be the  he ight  of  ~r i in the  
cor responding  DFS tree. We show t h a t  if i / n  ~ a as n--~ oc, t hen  the re  exists  a cons t an t  a ( a , m ) ,  
to be defined later,  such  t h a t  L ( i , m , n ) / n  converges in probabi l i ty  to a(c~,m) as n---~ oe. We also 
ob ta in  resul ts  concern ing  the  n u m b e r  of  vertices and  the  n u m b e r  of  leaves in a DFS tree. 

1. I n t r o d u c t i o n  and  M a i n  R e s u l t s  

DFS algorithms are very useful in graph theory because they are efficient [10]. 
This paper  is inspired by the papers [1,4] where algorithms and methods similar 
to depth first search were used to find long paths in random graphs. Here, we 
consider DFS trees in the context of a random m-out  digraph model which is 
defined as follows. We say that  a digraph is m-out  if every vertex in the digraph 
has exactly m out-going edges (including loops and multiple edges if any) which 
are numbered from 1 to m. The random digraph D(m,n) is obtained by randomly 
picking a digraph, with equal probability, from the set of all m-out  digraphs with n 
vertices Vl,V2,..., Vn. In fact, it is easily 3hown that  D(m, n) can be obtained from 
the following constructive method. We assume that  each vertex v in D(m, n) has 
m different coupons. Each coupon entitles v to pick a vertex from {vl ,v2, . . . ,Vn} 
randomly and independently of others with equal probabili ty 1/n. If  w is the vertex 
picked using the i t h  coupon, then we say that  D(m,n) contains an edge directed 
from vertex v to w with label i. 

We apply the following DFS algorithm to D(m,n). Note that  unlike usual 
notation for directed edges, we use (i,v) to denote the edge with label i directed 
from vertex v. We also use ~( i ,v)  to denote the vertex that  edge (i,v) is incident 
t o .  

AMS sub jec t  classification code (1991): 05 C 20, 68 R 10 
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algorithm DFS (see [5]) 
Procedure DF (v) 
Begin 

DFI (v) := i 
i : = i + 1  
for j : = l  to m do 

if DFI the , 
begin 

F:=FU{edge  
D r  (~( j ,v))  

end 
end { D r  } 
Begin {MainProgram} 

DFI (v) := 0 for all vertices v in the graph 
F : =  empty set 0 
i : = 1  
for k : = l t o n d o  

if DFI  ( v k ) = 0  then DF (vk) 
output  F which contains the edges of the forest of DFS trees 

end {MainProgram} 

The DFS algorithm uses a depth first index DFI (v), where DFI  (v) = k iff 
v is the k th vertex picked by the DFS algorithm. We use ~k to denote the k th 
vertex picked (ie. DFI  (~rk) = k) and so DFS in fact gives us a sequence Fi = 
{~Vl,W2,... ,Trn}, where ~rl =Vl.  Let Sk=Vn\{~rl,Tr2,... ,7rk}. Note that  DFS picks 
7rk+ 1 from S k by examining edges in {(i, Trj) : i = 1,.. .  ,m, j = 1,.. .  ,k} that  have 
not been examined before. Thus each edge inspection is independent of previous 
edge inspections. At each edge inspection, the edge (i,Trj) is inspected if j is the 
maximum and i is the minimum among all other edges available for inspection. 
In examining (i,Tcj), if ~(i,Trj) E Sk (in which case the examination is said to be 
successful) then wk+l = 9~(i,wj), otherwise DFS examines another edge. If at any 
stage when the edges from a vertex vrj (j _< k) have all been examined and yet 7ok+ 1 
has not been picked, then DFS backtracks to the parent of 7rj in the DFS tree. In 
the case where all edges emanating from 1rl,...,~rk have all been examined without 
having picked 7rk+l, then the algorithm "restarts" by simply picking a new vertex 
Vl where I is the minimum so that  Vl has not been picked before. The spanning 
subgraph of D(m,n)  containing only those edges in F obtained using algorithm 
DFS is therefore a forest. 

When m =  1, we have a random mapping and the probabili ty of having a DFS 
tree with k + 1 vertices (and with a given root) is bounded above by 

(1 - l / n ) (1  - 2/n) . . .  (1 - k/n) <_ e -ke/2n, 

which goes to 0 as n --~ oo if k >_ n 1/2+~, c > 0. Since we are interested in order 
n properties, we shall focus our at tention on rn > 2. The following results will be 
shown in subsequent sections. 
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T h e o r e m  1. Let N ( m , n )  be the number of vertices in the DFS tree with root 
vl = ~rl. Then for any c > O, 

P ( I n - l N ( m , n )  - 1 +y(m)]  > e) = O(n - m )  as n- -*  oo, 

where y(m) is the smallest root of the equation: y = e x p { m ( y -  1)}. 

T h e o r e m  2. Let N L ( m , n )  be the number of leaves in the DFS tree with root Zrl. 
Then for any e > O, 

P ( ] n - X N L ( m , n )  - (1 - y ) m + l / ( m +  1)1 _> c = O ( n  -1 )  as n ---* 0% 

where y - - y ( m )  is the smallest root of y = e  re(y-l). 

Standa rd  analysis (e. g. Lagrange  expansion formula  in [6]) shows tha t  

1 i f O _ < m < l  
o~ 

y(m) = m -1 ~ k k - l ( m e - m ) k / k !  < 1 i f m  > 1. 
k----1 

For any given i = 1 ,2 , . . . ,  n, let II  = Hi = {Z-l, 7F2,..., ~i} be the sequence of vertices 
encountered by DFS until  ver tex 7r i is picked. In II, there  are vertices pas t  which 
DFS has backtracked.  We use black to colour those vertices. Let  L I(i, m , n )  be  the 
number  of non-black vertices in II. Then  we have the following two theorems on 
L ' ( i ,m ,n) .  

T h e o r e m  3. Suppose that i/n--* A as n-~  ~ .  I f  A E (0,1 - 1/m),  then for any e > O, 

P ( l n - l L Z ( i , m , n ) - b ( A , m ) l  _> e ) = O ( n  - m )  as n--+oo, 

where 
( 

b((, m)  = / ( 1  - x(/3, m))d/3, 

0 
and x(/3, m) is the smallest positive root of x = (/3 + x - x/3) m. Note that for/3 in 
(0,1 - 1 / m ) ,  

oo 1 ( ink  + m )  
x(/3, m ) = / 3 m  E )--~-~- \ k (/3m-1(1 - / 3 ) )k"  

k=O 

T h e o r e m  4. Suppose that i / n  --~ A as n --~ c~. I f  A E (1 - 1/m,  1 - y(m)),  then for 
any e > O, 

P ( ] n - l L ' ( i , m , n ) - a ( A , m ) l > _ e ) = O ( n  -m )  as n ~ ,  

where a (A,m)  = b(1 - (1 - A)7 ,m)  and  7 is the largest root of the equation 
3' = em(1-A)(~-  1) �9 

Define L ( i , m ,n )  as the  height of  zFi in the  DFS tree with root  ~rl. If  7ri is in 
the DFS tree wi th  root  1rl, then  L ( i , m , n ) = L l ( i , m , n ) - 1 .  Using this observat ion 
and the facts t ha t  b(a,m) is cont inuous in a and b ( 0 , m ) - - 0 ,  the  following result  
follows immedia te ly  f rom Theo rems  1, 3-and 4. 
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Theorem 5. Let L(i, m,n)  be the height of Tri in the DFS tree with root 7rl. Suppose 
that i/n--~ A as n--*oc. I f A e  [0 ,1 -y (m) ) ,  then 

where 

P ( I n - l L ( i , m , n )  - a(A,m)l >_ c) = O(n -m)  as n--* oc, 

m )  i f  e [o, 1 - l / m ]  

a ( A , m ) =  b ( 1 - ( 1 - A ) 7  ,m) i f A e ( 1 - 1 / m , l - y ( m ) )  

and 7 is the largest root O[~/=e m(1-A)(~-l). 

Also, ( 1 -  A)~/ increases as A increases from 1 -  1/m (see Lemma 7 in Section 
5). Therefore a(A,m) is at maximum when A= 1 - 1 / m .  We can draw the following 
conclusion from Theorems 1, 3 and 4. 

Theorem 6. Let H(m,n )  be the height of the DFS tree with root ~rl, then for any 
c > 0 ,  

P ( [ n - l H ( m , n )  - b ( 1  - 1/m,m) l  > c) = O(n -m)  as n--* co. 

Also, if  7Or is the vertex at which the DFS tree with root 7Cl attains its maximum 
height, then for any r > O, 

P(L - - n ( 1  - 1 / m ) L  k = a s  - *  o o .  

The random digraph D(m,n)  studied in this paper is different from, but very 
similar to, the usual m-out digraphs appeared, for example, in [3]. The reason for 
choosing D(m,n)  here is to minimize unnecessary notation. Note that  Theorems 5 
and 6 imply that  if DFS is used to find a directed path in D(m,n) ,  then the length 
of the longest path found is about nb(1-1/m,  m). The  methods in this paper can be 
applied to investigate the DFS trees in other random graph models. In particular 
in [7], DFS is applied to the well known Gn,p(n) model (see for example Bollobs [2] 
and a result on long paths similar to those in [1,4] is obtained. For related results 
and references on long paths and long cycles in sparse random graphs, please refer 
to [2]. DFS can also be used to study the largest strongly connected subgraph in 
D(m,n)  (see [8]) as well as long induced paths and large induced trees in Gn,p(n) 
(see[9]). The reader is referred to [5] for references and results related to DFS on 
graphs. 

Theorems 1, 2, 3, and 4 are shown respectively in Sections 2, 3, 4 and 5. 
Theorems 5 and 6 follow immediately from Theorems 1, 3 and 4. 

2. P r o o f  o f  T h e o r e m  1 

Note that  after the first DFS tree is found, DFS "restarts" by simply picking 
a new vertex. This creates some complication because DFS normally picks a new 
vertex by examining edges. In order to avoid this complications, we add out-going 
edges (j, vl), j > m + l  to the vertex ~rl = v l  where each ~( j ,v l )  is independently 
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chosen from {Vl,...,Vn} with equal probability. We call this new random graph 
modeI Dl(m,n) .  After 7r i is obtained, let Zi, n be the number of additional edge 
inspections used before ~ri+ 1 is picked in Dl(m,n) .  Then as each edge inspection 
is independent of previous edge inspections, the quantity Zi,n is geometrically 
distributed with distribution given by 

P(Zi,n = j)  = (1 - i / n ) ( i /n )  j - I ,  j = 1 ,2 , . . . .  

and {Zi,n : i =  1,2,. . .  , n - l }  is a set of mutually independent random variables. Let 
Un(k) be the number of edges inspected when vertex 7rk+ 1 is picked. Then 

k 
U (k) -- 

i=1 

Note that  7rk+ 1 is in the DFS tree with root ~1 in D(m,n)  if and only if none of 
the edges in { (i, 7rl) : i > m + 1} have been inspected while picking ~r2,7r3,.. �9 7rk+l. 
That is, N ( m , n )  > k if and only if Un(1) _< m, Un(2) ___ 2m, . . . ,  Un(k) < krn. Hence 
for k > l ,  

(1) P ( N ( m , n )  > k) = P(Un(1) < m, Un(2) < 2m, . . . ,  Un(k) < km). 

We shall use equation (1) and the following estimates of Un(k) to show Theorem 1. 
Note that throughout the rest of this paper, we shall use c to denote a generic 

positive constant, 0 to denote a number in (0,1) and ~ to denote a positive number. 
The numbers 0 and ~ may depend on some other constants but not on n. 

Lemma 1. Let c > 0 and 5 E (0,1) be positive constants. Suppose that k = k(n) 
satisfies k in  --* a E (0,6). Then there exists O = 0(~,~) in (0,1) such that for all 
sufficiently large n, we have 

P(IU (k) + nlog(  - k /n) l  > ca)  _< 

Proof. For t < - log(k/n) = - logc~ + o(1), 

E[exp(tUn(k) + nt log(1 - k/n))] 
k 

----- H { e t ( 1  --I /n)(1 -- e t l / n ) - l } e  ntl~ = {exp(fn(t))}  n, 

l--1 

k k 
fn ( t )=  kt 1 1 -~ + ~ E log(1 --I/n) -- ~ E log(1 --et l /n)  +tlog(1 -- k/n) .  where 

l=l /=1 
k 

Since �88 ~ log(1-1/n)  is bounded below and above by 
/=1 

- 1 - ( 1  kn+--l) l og (1  k + l ) n  and - 1 - ( 1 - ~ ) l o g ( l - ~ ) ,  
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k 
1 and ~ ~ l o g ( 1 -  etl/n) is bounded  below and above by 

/ = 1  

- 1 - e - t ( l - e t ~ ) l o g ( 1 - e t ~ ) ,  

we have t ha t  

f ( . , t )  = lim A ( t )  
Tb--* OO 

= a t - -  (1 - a ) l o g ( 1  - a) + e-t(1 - eta)log(1 - eta) + t log(1 - a ) .  

Note  t ha t  since ~ > 0  for all t O 0 ,  we have t ha t  

f ( a , t )  <_ 5 t -  (1 - 5) log(1 - 5) + e-t(1 - e-tS) log(1 - et5) + tlog(1 - 5) = f(5,  t). 

Now by Markov ' s  inequality, we have for any t > 0, 

P(Un(k) + n log(1  - k/n) >> an) = P(exp(tU~(k) + nt  log(1 - k/n)) >_ e ~nt) 

<_ e-entE[exp(tUn(k) + nt log(1 - k/n))] 

_< e x p ( - e n t  + nf,n(t)) 

<_ ( e x p ( - e t  + f(5,  t) + o(1))) n, 

and similarly 

P (U~(k )  + n log(1  - k / n )  _ - e n )  = P( -U~(k )  - nlog(1  - k / n )  > ~n) 

<_ e x p ( - g n t  + n f n ( - t ) )  

= ( e x p ( - e t  + f ( 5 , - t )  + o(1))) ~. 

Since f ( 6 , t )=  O(t  2) as t + 0, the  quan t i ty  f (5 , t ) -eLt l  is str ict ly negat ive for all 
non-zero t sufficiently close to 0. Choosing a suitable t gives t ha t  there  exists 0 = 
0(e, 5) in (0,1) such t ha t  for all large n, 

p(IU (k) + n log (1  - k/n) l  >_ <__ o I 

Before we show T h e o r e m  1, we observe tha t  by p lo t t ing  f ( y ) =  y and f ( y ) =  
e re(y-l), if y is the  smallest  root  of y =  e re(y-l), then  for small  e > 0, 

(2) y - e < e  re(y-e-l) or r a ( 1 - y + e ) + l o g ( y - e ) = r / l ( e ) < 0 ,  and 

(3) y + e > e  m(y+e-1) or m ( 1 - y - e ) + l o g ( y + e ) = r / 2 ( e )  > 0 .  

We shall now show Theo rem 1. If k = I n -  ny(m) +en]  - 1, then  

P ( N ( m ,  n) >_ n - n y ( m )  + en) = P(N(ra,  n) > k) 
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which, f rom (1), is bounded  above by 

P(Un(k)  < kin) = P(Un(k)  + n log(1  - k /n)  <_ krn + nlog(1  - k /n ) )  

< P ( U n ( k )  + n log(1  - k /n)  < ran(1 - y + r + n l o g ( y -  r + 0 (1 ) ) .  

Hence f rom (2) and L e m m a  1, for large n, 

(4) P ( N ( m ,  n) > n - ny (m)  + en) 

< P(Vn(k )  + n log(1  - k /n)  < -n~7(e) + 0 ( 1 ) )  < 0 n, 

We shall next  show tha t  for any e > O, 

(5) P ( N ( , ~ , n )  < n - nv(,~) - cn) = O(n - '~)  as n ~ c~. 

Let l - -  [n/40]. Note  tha t  1/40 < 1 - y(m)  for all m > 2. Then  

P ( N ( m ,  n) ~ l) < P ( t h e r e  is a set W of vertices not including vl  such t ha t  

0 < IWI < 1 and every edge directed f rom { v l } U W  leads to a ver tex  in { V l } U W )  

l--1 , 1  

j=o J ((J + =j=o  aj' say. 

I t  is easy to check tha t  for j = l  to I - 2 ,  aj+l /a j  ~ (1 /40)m- le  re+l, which is less 
t han  1 because m_>2. Hence as n- -*ce ,  

(6) P ( N ( m ,  n) <_ I) <_ ao + n a l  = O(n -m)  + O(n 2-2rn) = O ( n - m ) .  

Let k =  [ n - n y ( m ) - c n J .  If  k<_l, then  (5) follows immedia te ly  f rom (6). Therefore  
assume k>l .  Then  using (1), as n--+c% 

P(X(rn ,  n) ~ n - ny (m)  - on) 

k 
= P ( N ( m , n )  < l) + E P ( N ( m , n )  = j )  

j = / + l  

k 
~-- O ( n - m )  + E P(Un( j )  > j m )  

j = l + l  

k 
= O ( n - m )  + E P(Un(N) + nlog(1  - j / n )  > j m  + nlog(1  - j / n ) ) .  

/ = / + 1  

Let g( t ) - - ro t+ log( i - t ) .  Since g(t) is a concave funct ion and since j satisfies 1/40_< 
j / n  <_ 1 - y - e, we have f rom (3) tha t  

g ( j / n )  > 77(e) = min(g(1/40),g(1 - y - c)) > O. 

Hence by L e m m a  1, for large n, 

P(Un( j )  + n log(1 - j / n )  > j m  + n log(1 - j / n ) )  

< P(Un( j )  + nlog(1  - j / n )  > n~(c)) < Qn, 

I t  therefore follows tha t  

P ( N ( m , n )  > n -  y ( m ) n -  en) <_ O(n - m )  + nOn = O(n - m )  as n - - ~ x ~ .  

Our  proof  of T h e o r e m  1 is therefore complete.  I 
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3. P r o o f  o f  T h e o r e m  2 

Wi th  d igraph D'(m, n) and variable Zj, n defined as in Section 2, let 

1 i f Z j , n > m  

Wj = 0 otherwise.  

Now vrj is a leaf in DFS tree wi th  root  7r 1 in D(m,n) if and only if Wj = 1  and ~rj 
is in the DFS tree. Thus  

N(m,n) 
(7) Wj 

j = l  

We require the  following lemma.  

L e m m a  2. Suppose that k is such that k/n--+ c~ E (0,1) as n-+ oc. Then for any e > 
O, there is 0 in (0,1) such that for all large n, 

Proof .  Our  proof  here is similar to t ha t  of L e m m a  1. Note  t ha t  for sufficiently 
small  t > 0, 

E[exp(tWj)] = et(j/n) m + 1 - (j/n) rn < 1 + (t + t2)(j/n) "~ 

_< exp(( t  + t2)(j/n)m), 

and 
E[exp(-tWj)] = e- t ( j /n)  m + 1 - (j/n) m <_ 1 - (t - t2)(j/n) m 

/ < e x p ( - ( t  - t2)(j/n)m). 

Thus  for sufficiently small  t > 0, 

and similarly for t > 0, 

[(k)] E exp - t  E W j  
j = l  

<- exp ( ( t  + t2) ~=l(J/n)m } 

= exp(( t  + t2)n(k/n)m+l/(m + 1) + o(n)) 

= {exp(( t  + t2)(k/n)m+l/(m + 1) + o(1))} n, 

_<exp - ( t  - t 2) ( j /n)  m 

= { e x p ( - ( t  - t2)(k/n)m+l/(m + 1) + o(1))} n. 
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Therefore, for suitable t > 0 and for large enough n, 

P Wj - n(k /n)m+l/ (m + 1) > e 

_< E exp t ~ Wj exp( - tn(k /n)m+l / (m + 1)) e x p ( - e n t )  
j = l  

= { e x p ( - e t  + t2(k/n)m+l/(m + 1) + o(1))} n < O n, 

and 

P Wj - n(k/n)m+l/(m + 1) < - o n  

<_ E exp - t ~ _ W j  exp( tn(k /n)m+l/(m+ 1 ) ) e x p ( - e n t )  
j = l  

= { e x p ( - e t  + t2(k/n)m+l/(m + 1) + o(1))} n < 0 ~. 

Lemma 2 now follows. 

Since, from Theorem 1, for any e > 0, 

P ( ] N ( m , n ) - ( 1 - y ) n [ > _ e n ) = O ( n  -m) as n - -+oc ,  

Theorem 2 now follows very easily from Lemma 2 and (7). 
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4. P r o o f  o f  T h e o r e m  3 

Assume i/n--+A in ( 0 , 1 - 1 / m )  as given in Theorem 3. Consider the sequence 
l-i= {7rl,712,... ,71i} of vertices picked by DFS . Recall from Section 1 that  we colour 
the vertices in II  so that  7rj is black if and only if 7rj is a vertex past which DFS 
has backtracked. The sequence H is now separated into runs of black vertices. If 
7rj,~rj+l,...,Trk is a run of black vertices (with 7rj_l and 7rk+ 1 non-black), we say 
that  7rj (resp. ~rk) is the left end (resp. right end) of the run of black vertices. 
Note that  f f ( i ,m,n)  = / - n u m b e r  of black vertices. For s < t, let I I (s , t )  denote 
the subsequence {7rs,... , r  t} of II and let B(s, t) be the number of black vertices in 
I I(s , t ) .  We shall obtain the following estimates of B(s,t), proof of which will be 
given later, and use these estimates to show Theorem 3. 

Lemma 3. Suppose that an G s < t <_ fln and ( t - s) /n--~ c as n--* oc. Then for any 
el > 0, there is 01 E (0,1) such that for all large n, 

P(cnx(c~, m) - eln < B(s, t) <_ cnx(~, m) + eln)  > 1 - 0~- 
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Proof  of  T h e o r e m  3. Note t ha t  L e m m a  3 suggests t ha t  B(L/3n], ~(fi- t-A~)nj)/A/~ 

x(~,  m)n when Aft  is small.  Thus,  intuitively, L'(i, m, n) is abou t  n f ( 1 - x ( f i ,  rn))d~. 
0 

We shall make  this idea rigorous as follows. Let  ~ be a large posi t ive integer to be 
defined later.  For 1 = 1 ,2 , . . .  ,~, let 

c~ l = Al/~ with a o = 0 ,  

t l =  [aln j with to = 0 ,  

HI = {h-1 + 1 , . . . , h } ,  

BI = number  of black vertices in H l. 

Note t ha t  if B is the  number  of black vertices in II,  then  

B 2 + . . . +  B~ <_ 13 <_ BI + B 2 + . . . +  B~+o(n).  

From L e m m a  3, we have tha t  for any Sl > 0 ,  there  is a 0(1) in (0, 1) so t ha t  for large 

P(~  nx(OLl-l'Tgt) _'~ ) - 51~ <_ B~ <_ ~ x ( o ~ z ,  m )  + 5~ ,~  > 1 - o(l) ~. 

Hence for any 51 > 0, we may  choose Q in (0,1) and 0 depends  on ~ such t ha t  for 
large n, 

P for I = l , . . . , ~ ,  ~nx(a l 1 , m ) - e l n < B l < -  n x ( a l , m ) + g l n  > 1 - O  n , 

which implies t h a t  

) P ~nx(a l ,m  ) - cln~ < E Bl ~ E ~ nx(al 'm) + 51n~ > 1 -- O n. 
/=1  /=1  

For any 52 and 53, since x(a,m) is increasing wi th  c~ (for ct < 1 - l / m ) ,  we can 
choose ( large enough so t ha t  

/=1  0 /=1  

Hence we have for any c l  and for any c2,53 > 0 ,  we can choose ~ large enough so 
tha t  there is 0 in (0,1),  

P n x ( ~ , m ) d ~ - ( e l ~ + e 2 ) n < B < n  x(~ ,rn)d~+(s l~+ea)n  > 1 - 0  ~ 

0 0 
for all large n. Since i = An+o(n), T h e o r e m  3 now follows f rom the above (since 
51, 52, 53 are all a rb i t ra ry) .  | 
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It therefore remains to show Lemma 3. Let us first make the following obser- 
vation. For edge e in { ( j , v ) : j = 1 , 2 , . . .  ,m,v=~rl,~r2, . . .  ,1ri}, let 

Xe = { 01 otherwise.if e has been succesfully inspected 

Note that  conditional on the event that  edge e is examined when picking vertex 7rj, 
we have P(Xe=O)=(j -1) /n .  Let Lj be the set {(l,~rj):l=l,2,...,m}. Define 

eGLj 
Suppose that  7rk+ 1 is uncoloured. Then ~r k is coloured if and only if Yk = O. 
Also, if ~r k is the right end of a run of black vertices in H (that is, Yk = 0 and 
7rk+ 1 is uncoloured), then the event that  the vertices 7Cj+l,~rj+2,..., 7rk-1 are black 
corresponds to the event E that  

(8) Yk-1 <- 1, Yk-1 + Yk-2 <- 2,. . . ,  Yk-1 + ' " ,  + Y j + I  ~ k - j - 1. 

We have (8) because if ~r k is'the right end of a run of black vertices, then the vertices 
7rj+l,Trj+2,... ,~-k-1 are black if and only if for each l from j + l  to k - l ,  every edge 
directed from 7rl, 7rl+1,..., 7rk_ 1 has been examined and at most ( k -  1 - l) + 1 = k -  l 
of these edge inspections are successful. Suppose now that  k_< ~n and j >__ c~n. Then 
since c~ < P(Xe =0)_</3, for all edge e directed from ~rj+l,. . .  ,Trk-1, and since each 
edge in D1(m, n) is directed independently of others, we have for j = 1,2, . . . ,  m, and 
for j < l < k that  P~ (Yl -< J) < P(Yl < J) -< P~ (Yl -< J). Hence 

(9) Pa(E) < P(E) 5 Pz(E) ,  

where PC is the probability law corresponding to the probability space in which 
Pr = 0 )=  ~ and the random variables Xe's are independent. 

To find an upper bound for B(s,t) in Lemma 3, we perform the following 
experiment. Suppose that 1 <_ t is the largest integer such that  ~rl is non-black. If 
there is no such l, let l = s - 1 .  That  is, 7r /+1 ,71 /+2 , . . .  ,71" t are black while 7r l is not. 
We use green to colour the vertices in II(s, t) according to the following rules: 

(i) if l<t, colour the vertices 7r/+1,...,~rt and do not colour 7rl, 
(ii) start colouring from 7rl_ 1 to % as follows: 

(a) if 7rk+ 1 is uncoloured, colour 7c k if Yk = 0, otherwise do not colour ~rk, 
where Yk = ~ Xe and Xe's are sampled with the probability law Pr 

eELk 
(b) if ~r k is coloured but ~rk+ 1 is not, then we colour the vertices 

lrj+l,Trj+2,.. .  ,Trk_ 1 but do not colour 7rj if 

(10)  Yk-1 <- 1, Yk-1 ~- Yk-2 <-- 2 , . . . ,  Yk-1 + . . .  + Y j + I  -< k - j - 1 

and Y k _ l + . . . + Y j > _ k - j + l ,  

(iii) the colouring process is stopped once % is reached. 
Let G(s,t) be the number of green vertices in H(s,t) .  Since by (9), the length 

of a run of green vertices in II(s, t)  is greater in distribution than that  of black 
vertices, G(s,t) is greater than B(s, t) in distribution, that  is, for any l>  0, 

(11) Pz(G(s,t) > l) <_ P(B(s,t) >_ 1). 
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Similarly for a lower bound of B(s , t ) ,  we can repeat the experiment using the red 
colour and probability law Pa instead of Pr Let R(s , t )  be the number of red 
vertices in II(s,t).  Then we have for a n y / > 0 ,  

(12) P~(R(s , t )  <_ l) < P ( B ( s , t )  <_ l). 

We require the following result which together with (11) and (12), gives Lemma 
3 immediately. 

Lemma 4. Suppose that an  < s < t <_tn and ( t - s ) / n - ~ c  as n--*oe. Then for any 
~1 >0,  there is Oe (0,1) such that for ali large n, 

(13) P~(G(s , t )  >_ c n x ( t , m )  + cln)  _< O n, 

(14) Pa(R(s , t )  < enx (a ,m)  - s i n )  <_ O n. 

In order to show Lemma 4 and (13) in particular, we consider the following. 
Let Zl,g denote the length of the run of uncoloured vertices with 7r k as its right 
end. Then for j = 1 , 2 , . . .  

P~(Zl,g =- j)  = P/3(Trk_ j is green and 7rk_j+l, . . .  , 7rk_ 1 

= P~(Yk- j  = O, Yk - j+ l  >-- 1 , . . . ,  Yk-1 >-- 1) 

= ( 1  - 

are uncoloured) 

Suppose that  7rk_j+ 1 is uncoloured but 7rk_ j is green, that  is, 7rk_ j is the right end 
of a run of green vertices. Let Z2,g denote the length of this run of green vertices. 
From (10) we have that  for l>  1, Pf~(Z2,g = l) is equal to the probability that  

and 

where Y[, Y~ ; . . . ,  Y[ are independent and each is the sum of m independent Bernoulli 
variables Xe and P~(Xe = O) = ft. Define Z3,g = Zl,g + Z2,g. Then given 
that  1r k is uncoloured, {Za,g = u} corresponds to the event that  the subsequence 
7rk_v+l , . . .  ,Trk_ 1 of Fi(s,t) contains exactly one run of green vertices with 7rk_u+ i 
being the left end of the run of green vertices. (Note that  7rk_ u is uncoloured.) 
Similarly, we have ZI,r,Z2,r and Z3,r for red vertices. For k =  1,2,3, define #k,r = 
Ea[Zk,r] and ttk,g = E~[Zk,g], where Er is the expectation operator in the proba- 
bility space with law PC. We shall use the following result, to be proved later, to 
obtain estimates for R(s , t )  and a(s,ti. 
Lemma 5. There exist positive constants Ol and cr 2 such that 

Efl[exp(OZl,g)] = e0tm/[1 - e~ - tim)] for 0 < Ol 

x l (e~ 0 - 1) 
E~[exp(OZ2,g)] = 1 + t-rne--g~-~ll(eO- ~ for 0 < ~r2, 
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where x l  (y) is the smallest posit ive root  of  (x +/7 - x/7) m = x / y .  Also, 

#l,g = ~ - m ,  #2,g = ~ - m  x(/7, m)/(1  - x(/7, m)), 

#3,g = z - m ~ (  1 - x(/7, m)) .  

I f  we replace ~ with a in the above, we obtain corresponding estimates for red 
vertices. 

Corollary 6. For any ~ > 0, there is Q e (0, ]J) s~ch that for a11 large n, 

P( there  is a run of black vertices in II with length at least r < ~n. 

Proof  of Corollary 6. Let f~ be such that  A </7 < 1 - 1 / m .  Then by choosing suitable 
0 > 0, there is 61 in (0,1) so that  

(15) Pfl(Z2,g > ~n) < Ez[exp(OZ2,g)] exp(-~n0)  _< ag? 

for all large n. Since # > i / n  for large n, it follows from (9) that,  

P( there  is a run of black vertices in 1-I with length at least gn) 

< P#(there is a run of green vertices in II with length at leastcn) 

= E P~3(there is a run of green vertices in II with length at least cn 
i>k>zn 

and with r k as its right end) 

i>k>en 

which, from (15), is bounded above by n ~  < Qn. | 

P roof  of Lemma 4. We shall show (13). Let ~- be the number of runs of green 
vertices in H(s, t)  excluding the runs (if any) containing 7rs or ~rt. Then 

P (T > < z (k) < t - s 
- -  - -  3 , g  - -  

w h e r e  the variables Z (k) are independent with the same distribution as Z3,g defined 3,g 
before Lemma 5. For e > 0, let u = [en + cn/#a,gJ so that  as n ~ ee, L'#3,g _> 
t -  s + r~(e)u + o(n) where •(e) > 0. Hence 

z (k) < o(n)) (16) Pfl(T > L,) < Pf3 ~k~= 1 3,9 - ~#3,9 - ~(r + �9 

Since from Lemma 5, E~[exp(0Z3,u)] is defined for 0 in an open interval containing 
the origin, we have as 0-*0,  

E/~[exp(-OZ3,g)] -~ 1 - 0~3,9 -4- 0(02) < exp(-0J~3,g A- 0(02)) 
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and so from (16) for positive 0 sufficiently close to 0, 

(17) Pfl('r > u) < {Efl[exp(-OZ3,g)] exp(O#3,9 - 0.(~) + o(1))} u 

< {exp(-rl(e)0 + 0(02) + o(1))} u G 0~ G 0~ 

where 02 is in (0,1) and n is large. Suppose that 0 < 2~2 < el where el is given in 
Lemma 4. Now from Corollary 6, there is 03 C (0,1) so ~hat 

T 

k = l  

with probability at least 1 - 0~ for large n. If u = [e3n + cn/ua,gJ where e3 is such 
that  rl = el - 2e2 - e3#2,g > 0, then since #2,~/#3,g = x(fl, m), 

u#2,g = e3#2,gn + cnx(fl, m) q- O(1). 

Using (17) in which we put e=e3,  we have for all large n, 

Pz(a(s,  t) >  nx(9, + 

<_ P~ Z2,g >_ cnx(fl, m) 

< Pfl Z2, 9 )" CnX(fl, m) 

+ e ln  - 2e2n) + 0~ 

+ e l n -  252n) + 0~ + ~ 

<-Pfl ( ~Z2'g>~plz2'gq-~]nq-O(1))k=l f f -0~q-L)~.  

Using methods similar to those used in showing (17) from (16), we have 

PZ Z2,g > up2,e 

We now have (13) because 

+ r/n + O(1)) < 0~, where t)4 E (0, 1). 

P/3(G(8, t) ~ cnx(fl,Tyt) q- Cln)  ~ Q~ q- 0~ q- D~ ~ Q~, for large n. 

Our proof of inequality (14) is omitted as it is very similar to that  of (13). | 

Proof of Lemma 5. Note that  for 0 < - log(1 - tim) = o1 > O, 
oo 

Eft [exp(OZl,g)] = YI (1 - flm)j-lflmeJO = eO flm/[1 - e0(1 - tim)]. 
j = l  

Finding Efl[exp(OZ2,9)] is not as easy. For l =  1,2,. . .  and k = 0,1,2, . . . ,  let Pl,k 
stand for the probability that  

_< k, < k + l , . . . ,  ' �9 - + Y z - 1  --- k+l -2  and Y~+...+II{ >_ k+l. 
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We shall use generating functions to find 

o~ 

G(e~ = EcTiexp(OZ2,g )] = E e~ 1" 
/ = 1  

Note that we shall adopt the convention that (~)=0 for l < j .  Now 

Pl,k = Pz(Y1 > k + 1) = E (1 - 13)J/3 m - j ,  
j=k+l  

k k 

Pl,k = E P~(Y{ = J)Pl-l,k+l-j = E (r~" ) (1- -  /~)J~m-JPl-l,k+l-J ' 
j = 0  j-----0 

Hence 

for / > 2. 

o,c) oo 

E E "l,kY xk = 
/ = 2  k-~0  

oe oo k 

I=2 k--.=O j=O 

= E (1 - j3)Jl3m-Jpl_l ,k+l_jylx k 
l=2 j = 0  k=j 

= ~ ~ (1- ~)J~m-JPz_l,k+lJXk+J 
l=2 j = 0  k = 0  

oo oo 

l = 1  k = l  

o o  o o  oo 

Let F ( x , y ) =  E E Pl,kY Ixk, and H ( x ) =  E Pl,k xk. Then 
l.=lk=O k=O 

(18) F ( x , y ) - y H ( x )  = Y ( / 7 + x - x / ~ )  m F ( x , y ) -  Pl,oy l , and 

(19) H(x) = [1 - (13 + x - x~)m]/(1 - x). 

Since Pl,k �9 [0, 1], F(x,y)  converges for Ixl and lYI in (0,1). Now i f x = x ( y ) i s  a root 
of the equation 

(20)  (/~ + x - x Z )  m = x / y ,  

then from (18) and (19), 

oo 

~ pz,0~ z = ~ H ( x )  = (y - x ( v ) ) / ( 1  - x ( y ) ) .  

/ = 1  
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Let x l ( y )  be the smallest  posi t ive root  of equat ion (20). Note  tha t  

oa 1 / m k  "~ k 1 /3)k-1/~ m k - k + l  
: E I 

k-=l 

and t ha t  x l  is the  only root  of  (20) such t ha t  xl(y)--~O as y - + 0 ,  giving 

Oo 

lira ~-" Pl,oy z = lim (y - x l ( y ) ) / ( 1  - x l ( y ) )  = O. 
y---+o ~=1 y---*o 

Therefore ,  we have 

~ Pz,0J = (y - ~ ( y ) ) / ( 1  - ~ l ( y ) ) .  
/=1 

Since PI,o =~rnP / -1 ,1  for l ~  2 and since P1,0 = PZ(Y1 >-1)= 1 -  tim. 

OO (X) 

G(y)  = ~ Pl, ly l ,~-m ~- ,  PI,OY l _ f l - m p l , o  = 1 + ~ y(1 - x l ( y ) ) "  
/=1 Y /=1 

Since Xl(1) ~ 1, we have l im x l ( y ) ( y  - 1)/[y(1 - x l (y) ) ]  = 0, and so G(1) = 1, 
y---+l 

implying t ha t  the  variable Z2,g is non-defective.  Also, x l ( y )  is defined for y < ~0 
where ~0 is the  unique number  such t ha t  the  line z = x/~o is t angent  to the curve 
z = ( x + 3 - x 3 )  m. We find t ha t  

<0 = [ (m - : ) / ( , ~ Z ) ]  "~- :  > : .  ( i  - 9 ) - ~  

Hence Eo[exp(OZ2,g)] = G(e O) is defined for O < a2 where a2 = log~0  > 0. Note  t ha t  
#l ,g = f~-m is obvious and #2,g = G ~ (1). Now 

a ( y )  -- 1 + z - m  / /1 - y (1 - y ) / ( y  - ~ x l ( ~ ) ) ~  ~ 
\ / 

and so ~y G(y)  = ~ - m  ( _ y - 2  + 1/ (y  - y x l  (y))  - (1 - y)~y (y - y x l  ( y ) ) - l ,  giving t ha t  

G ' ( 1 ) = / 3 - m + ~ - m / ( 1 - X l ( 1 ) ) .  Since xl(1)---=x(j3,m), we have 

tt2,g =/~-mx(13,  m ) / ( 1  - x(/3, m)) ,  tt3,g = #1,9 + #2,g = ]3-m/(1  - x(~ ,  m) ) .  

T h e  other  half  of the  l e m m a  is proved similarly. | 
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5. P r o o f  o f  T h e o r e m  4 

We shall use the model d'(m,n)  defined in Section 2 to show Theorem 4. Note 
that  for vertex lr i in the DFS tree with root 71" 1 in D(m,n) ,  L~(i,m,n) in D(m,n)  
is equal to L' ( i ,m ,n)  in Dl(m,n) .  Consider the situation after ~ri has just been 
picked. Let jl, be the largest integer less than  ( 1 - 1 / m ) n  so that  ~j,, is non-black. 
Let i I' be the smallest integer not less than ( 1 -  1/m)n so tha t  Iri,, is non-black. 
Then since the vertices rj , ,+l, . . . ,~q, ,-1 are all black, we have that  

(21) L'(i, m, n) <_ L'( j" ,  m, n) + (i - i" + 1) 

(22) L'(i, m, n) >_ L'(j", m, n). 

Let 7 = 7 ( ~ )  be the 1;argest root of z = e x p ( ~ ( z - 1 ) ) .  Let i be as given in the 
hypothesis of the theorem, that  is, i /n  -+ A in (1 - 1/m, 1 - y(m)). Let j '  be the 
unigue integer such that  

1 - (j '  + 1)/n < (1 - i /n )v (m(1  - i /n))  <_ 1 - y / n .  

The following lemma contains some observations on j '  which will be useful 
later. 

Lemma 7. Suppose that s l ,  ~2 and g3 are positive constants. 

(i) I l l =  [ j ' - ~n] ,  then for all large n, 

(23) m(j '  - l ) /n  + log((1 - j ' / n ) / ( 1  - l /n))  _> ~ = ~(s) > 0. 

(ii) If  j satisfies j '  + Eln <_j <<_ i - ~2n, then for a11 large n, 

(24) m(i - j ) / n  + log((1 - i /n ) / (1  - j / n ) )  < - ~  -- -~(~1, E2) < 0. 

(iii) i f  k satisfies j '  + 1 < 1, then 

(25) m(k - j ' ) / n  + log((1 - k /n ) / (1  - j ' / n ) )  > O. 

Proof  of Lemma 7. Suppose that  7 is the largest root of z = e~(Z-1) Then by 
plotting the functions f ( z ) =  z and f ( z ) - - e  ~(z-1), we see that  for ~ < 1,the gradient 
of f ( z )  = e  r is bigger than 1 when z = 7 ,  and so 

(26) z > e ~(z-1) for z E (1~7), 

(27) z < e ~(z-1) for z E ( % ~ ) ,  

= d # ( ~ - l )  z=~ > (2S) V~ 1. 



226 W.C.  STEPHEN SUEN 

Also, if r = ~7, then  l og r  - log~ = r  - ~, giving tha t  

(29) de  ~(~ - 1) 
d--g-  ~(r  - 1) < 0 

and tha t  ~ is a decreasing function in ~. To show (23), note  tha t  

m ( j '  - l ) / n  + log((1 - j ' / n ) / ( 1  - 1 /n) )  

= m ( j l / n  - I / n )  - log(1 + ( S / n  - l / n ) / ( 1  - j ' / n ) )  

>_ m ( y / n  - l / n )  - ( j ' / n  - 1 / n ) / ( 1  - j ' / n )  

= ( j ' / n  - l / n ) [ m  - 1/(1 - J / n ) ] .  

Since m(1 - i / n )  = m ( 1  - A)+ o(1) and m(1 - A) < 1, 

1 - j ' / n  >_ (1 - i / n ) 7 ( i / n )  + o(1) = (1 - A)7(rn(1 - A)) + o(1). 

Taking ~ = m ( 1 - A ) ,  it follows from (28) tha t  l - f  ~ n >  i / m ,  and (23) now follows. 
To show (24), note  tha t  ( 1 - j / n ) / ( 1 - i / n ) E  ( l + c 2 , 7 ( m ( 1 - A ) ) - C l )  where e 1 a n d  C 2 
are positive and Cl depends on r and c2 depends on r Hence from (26), taking 
~ = m ( 1 - A ) ,  there  is c3 > 1 so tha t  

(1 - j / n ) / ( 1  - i / n )  > c3 em(1-A)[1-j/n)/(1-i/n)-l] 

= e3 em( i / n - j / n )  + o ( 1 ) .  

Inequal i ty  (24) now follows. To show (25), let ~ = m ( 1 - i / n )  and ~2 = ( 1 - k / n )  and 
"71 and ~/2 be the largest roots of 7 = e(('Y-1) where ~-=-~1 and ~2 respectively. As 
~1 < ~2, (29) now gives 

(1 - J / n ) / ( 1  - k / n )  > 71r162 > 72. 

By vir tue of (27), taking ~=~2,  

(1 - j l / n ) / ( 1  - k / n )  <_ exp{~2[(1 - j ' / n ) / ( 1  - k /n)O1]}  = e m ( k / n - j ' / n ) .  

Inequal i ty  (25) now follows. 

The  following lemma contains some useful est imates of jll and i ~1. We shall use 
these est imates and (21), (22) to prove Theorem 4 first; proof  of the lemma will be 
given later. 

Lem ma  8. For any  e > 0 ,  there  is 0 in (0,1) such tha t  for all large n, 

(3o) P ( [ j '  - j " [  < on) ~ 1 - O n 

(31) P ( l i  - i" I < ca)  >_ 1 - o n. 
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P r o o f  o f  T h e o r e m  4. From (21), we have for any s > 0, 

P(L'(i, m, n) >_ b(J/n, m)n + en) 

<_ P (L ' (S ,  m, n) + (i - i" + 1) > b(y/n, m)n + en)) 

<_ P(L ' (S ,  m, n) >_ b(jH/n, m)n + (b(j'/n, m) - b(j"/n, m)n + en - (i - i" + 1)) 

<_ P(L ' (7 ,  rn, n) > b(jH/n, m)n + eln)  

+ P(b(j ' /n, m) - b(j"/n, m) <_ - e2 )  + P(i - i" + 1 >__ e3n), 

where el ,  e2, e3 are positive and satisfy el = ~2-~3 �9 Now since from Lemma 8, jtl/n 
converges in probability to the constant limn--,~jt/n which is less than 1 -  1/m, 
we have from Theorem 3 that  for large n, 

P(L'(j",  m, n) > b(J'/n, m)n + eln) <_ y~. 

Since for any e2 > 0, Ib(jH/n, rn)-  b(j'/n,m)J _< e2 implies that  there is e4 > 0 such 
that  I j r - 7 < c 4 n .  Hence froln (30), 

P(b(j'/n, m) - b(j"/n, m) <_ - e2 )  _< t~-  

Thus,  together with (31), there is t~ in (0,1) such that  

(32) P(L'(i, m, n) >_ b(j'/n, ra)n + on) < ~n. 

From (22), for any e > 0 ,  

P(L'(i, m, n) <_ b(j'/n, m)n - en) 

< P( f f ( j" ,  m, n) < b(j'/n, m)n - en) 

= P(L'(j",  m, n) <_ b(j"/n, m)n + (b(j'/n, rn) - b(j"/n, m))n - en) 

< P(L'(j",  m, n) <_ b(j"/n, m)n - eln)  + P((b(j'/n, m) - b(j"/n, m ) ) n -  >_ e2n) 

where el and c2 are positive and e l  = e - e 2 .  But  as in showing (32), each term 
above is less than  Q~ for large n. Hence, there is Q in (0,1) so that  

(33) P(L'(i, m, n) < b(J.m)n - en) < ~n. 

Theorem 4 now follows from (32) and (33) because y / n  --* 1(1 - A)7 where 7 = 
"y(m(1 - A)) is the largest root of 9' = exp((1 - A)(7 - 1)) and b(j',m) tends t6 
b ( 1 - ( 1 - A ) 7 , m )  as n---~oc. | 

It therefore remains to show Lemma 8. For k > j ,  let Un,j (k) be the number 
of edge inspections required by DFS to get to ~r k from ~rj. That  is, Un,j(k) = 
Un(k)-Un(j)  where Un(l) is defined in Section 2. Our proof of Lemma 8 requires 
the next lemma which follows immediately from Lemma 1. 

L e m m a  9. Suppose that k > j and that k/n  and j / n  converge to constants which 
are less than 5 and 6E(O, 1). Then there is p in (0,1)  such that for all large n, 

P(IUn,j(k) + nlog(1 - k/n) - nlog(1 - j / n ) t  >_ En) < Qn. | 
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Proof of Lemma 8. Let 1 = [ / -  an]. Consider picking vertices after pij, has been 
picked. We know that  there are m ( / - l ) -  Un,l( /)  (if it si not negative) unused 
edges directed from 7rl,...,~rj,. Thus j~( > l if and only if not all of these edges have 
been inspected while picking ~rj,+l, . . . ,  ~r i. Hence 

p ( / , > j l _ g n ) = P ( m ( / _ l ) _ U n , l ( j  t) > 0  and for k = j t + l  to i, 

Un,j,(k ) < m(k  - j ')  + m( j '  - l) - in , l (~))  
i 

> 1 - ~ P(Un,j ,(k ) > m(k  - j ') + m( j '  - I) - Un,l(j')) 
k=j'+l 

- P (m( j '  - l) - Un,l(j') < 0). 

From (23) there is ~/such that for large n, 

m(j '  - l ) /n  + log((1 - ~ I n ) l ( 1  - l /n))  > ~(a) > O. 

Also for any al in (0,~/(a)), we have from Lemma 9 that  for large n, 

P(Un,I(j') + nlog((1 - j ' / n ) / ( 1  - 1 / n ) )  >_ aln) <_ OF. 

Hence, with (25), Lemma 9 and the above, 

i 

(34) P ( j "  > j '  - cn) > 1 - O F -  ~ P(Un,j '(k) > m ( k -  j ' )  + n(~(a) - El)) 
k=j'+l 

i 

> 1 - OF - ~ P(Un, j ' (k )+ nlog((1 - k in) l (1  - j ' / n ) )  > n(Tl(a) - ~1)) 
k=j '+l  

>_ 1 - Q~ - n 0 ~  _> 1 - o~ ,  

for large n. Also 

P ( S > - J l + ~ n  or i" < i - a n )  

< P(there is j so that  j '  + a n  < j < i -  an and Un,j(i) < m(i  - j ) )  
h 

<_ ~ P(Un,j(i) < m ( i -  j)) 
j=l 

where h =  [1-an~ and l =  Lj '+anJ.  From Lemma 9 and (24), there is 7 > 0  so that  
for l <  j < h and for large n, 

P(Un,j(i) < m(i  - j)) = P(gn, j ( i )  + nlog((1 - i /n ) / (1  - j / n )  <_ -~n )  < 03, 

which implies that  

P ( j "  > j '  + an or i" < i -  an) < no~ <_ O n. 

Inequalities (30) and-(31) follow from (34) and the above. I 
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